for X-ray stress analysis for polycrystalline specimens with fibre texture is re-examined. By introducing the symmetry of reciprocal lattices for constituent crystallites, the physical meaning of taking an average of the strains observed by X-ray diffraction and the validity of the approximation used are made clear. By applying the present treatment to a cubic specimen in the m3m point group, hkl Bragg reflections with h 6 ¼ k 6 ¼ l split into doublets owing to the existence of crystallites with two different orientations. The formulae derived for cubic polycrystalline specimens with h111i fibre texture in the biaxial state in the Reuss model are in good agreement with those given previously. This technique is applicable to polycrystalline specimens of any symmetry with fibre texture.
Errors in the paper by Yokoyama & Harada [J. Appl. Cryst. (2009), 42, 185-191] are corrected.
In the paper by Yokoyama & Harada (2009) , there are a number of errors. In Fig. 3 , the label for the X 0 1 axis is missing. The complete axis labelling is shown here in Fig. 1 . In the caption to Fig. 4 , the symbol X i should read X 0 i . In the penultimate line of equation (13), the term cos 2 should read cosð3 À 'Þ. In Fig. 6 , the equation = 0 should read ' = 0 . Finally, in x4.2, final paragraph, the reference to equations (20), (21) and (22) References Yokoyama, R. & Harada, J. (2009) . J. Appl. Cryst. 42, [185] [186] [187] [188] [189] [190] [191] .
Figure 1
A revised version of Fig. 3 of Yokoyama & Harada (2009) , with the missing X 0 1 axis label included.
Introduction
Thin films have been recognized as essential components in electronic devices. As a result, the technology to evaluate the residual stress incurred during thin film formation has become a topical issue in the semiconductor industry. Thin film specimens are usually classified into three states: isotropic polycrystalline thin films, anisotropic thin films with some fibre texture and single-crystal-like thin films generally grown epitaxially. Most of the X-ray studies of residual stress analysis are on the topics of isotropic thin films and epitaxial thin films. A few are related to specimens with fibre texture (Welzel et al., 2005) .
In solving the biaxial stress of polycrystalline films in cubic systems with fibre texture along the h001i, h111i and h110i axes, Clemens & Bain (1992) proposed a formalism for expressing the distortion induced in the constituent cubic crystallites in terms of elastic compliance constants defined for a single crystal. Hanabusa et al. (1993) presented a method for the X-ray analysis of stress in a hexagonal specimen with [001] fibre texture under the assumption of an equal biaxial state. Hanabusa (1999) applied their analytical formulae to cubic systems with h111i and h110i texture. Ejiri et al. (1997) discussed a technique for evaluating stress in cubic systems with h110i fibre texture in an equibiaxial state. Tanaka et al. (1998) proposed a stress analysis method for [001] fibre texture in hexagonal systems in a triaxial state using X-ray strain measurement. Tanaka et al. (1999) developed formulae for the X-ray stress analysis of thin film specimens with texture in the framework of the assumptions of Reuss (1929) and Voigt (1910) for polycrystalline materials. Tanaka et al. (1999) presented the results of X-ray stress analyses of cubic films with fibre texture in biaxial and equibiaxial stress states. In their formulation, the statistical average of the strain measured by X-ray diffraction (XRD) was taken by attempting to account for all possible orientations of the crystallites in real space. This method has a limitation in its application to specimens with symmetry lower than hexagonal, because of the difficulties presented by attempting to compute all possible orientations of crystallites in real space. However, it is possible to overcome this computational difficulty by considering the intensity distributions of constituent crystallites in reciprocal space: the Laue class (Burns & Glazer, 1978) . The treatment introduced here is applicable to specimens with lower crystallographic symmetries.
Theoretical basis for the stress-strain relation 2.1. Four Cartesian coordinate systems in stress analysis
Suppose we have a thin film specimen with fibre texture under residual stress. Let us set Cartesian coordinate axes P i to the specimen for which the components of residual stress ij are given. The specimen consists of numerous crystallites with fibre texture. We assume all of the crystallites are single crystals. We then select an arbitrary crystallite from the specimen, as shown in Fig. 1 . As the crystallite is a single crystal, it has its own crystallographic Cartesian coordinate axes X i (Nye, 1957) for which the elastic constant tensor S ijkl is usually defined.
In most cases, the fibre texture axis is parallel to the normal of the specimen surface axis P 3 so it is convenient to take another Cartesian coordinate X 0 i instead of the original crystallographic axes X i , in such a way that the X 0 3 axis is the texture axis and parallel to the normal of the specimen surface P 3 . The X i coordinates will be referred to as transformed coordinates. Fig. 2 shows an example of a cubic crystal with h111i fibre texture. The cubic [111] direction is taken as the X 0 3 axis and the [112] direction as X 0 1 . The [110] direction then becomes the X 0 2 axis. The transformation from the original axes X i to transformed coordinate axes X 0 i can be made by introducing a transformation matrix a represented by two rotation angles 1 and 2 .
Here we refer to P i , X i and X 0 i as specimen, crystal and transformed coordinates, as shown in Fig. 3 .
In P i , the P 3 axis is parallel to the normal of the specimen surface so that the P 1 and P 2 axes are within the specimen surface, indicating that the specimen surface is on the same plane as the X 0 1 X 0 2 plane. The orientation of the crystallites in the specimen is, therefore, specified by an angle 0 from the X 0 1 axis to the P 1 axis, as shown in Fig. 3 , and the coordinate transformation from X 0 i to P i is given by the transformation matrix b 0 .
In the XRD measurement of the lattice spacing of the crystallite we deal with one more set of coordinates, called laboratory coordinates, L i , as shown in Fig. 3 . It is customary to take the L 3 axis to be the normal of the lattice plane of the crystallite, i.e. the direction of the scattering vector K hkl in which the direction is specified by angles ' and with respect to P i , as shown in Fig. 3 . The coordinate transformation from P i to L i is given by a matrix x which is a function of ' or and , where (= ' + 0 ) is the angle of the X 0 1 axis with the plane made by the P 3 and L 3 axes.
The angles and are easily calculated by specifying two reciprocal lattice vectors H 1 and H 3 for the single crystallite along the X 0 1 and X 0 3 axes, respectively, as follows:
The relationships between the four Cartesian coordinates is shown in Fig. 4 . a, b 0 , p, x and c are the transformation matrices given by the following equations, where the direct transformation matrix from X i to P i is p, which is the product of matrices a and b 0 : a ¼ cos 1 cos 2 cos 1 sin 2 À sin 1 À sin 2 cos 2 0 sin 1 cos 2 sin 1 sin 2 cos 1 0 @ 
Figure 2
Transformation from crystallographic cubic axes X i to transformed coordinates X 0 i in which the X 0 3 axis is taken to be parallel to the fibre [111] axis, normal to the specimen surface. Crystallographic X i coordinates (X 1 [100], X 2 [010], X 3 [001]) are transformed to the transformed X 0 i coordinates (X 0 1 , X 0 2 , X 0 3 [111]) by rotations of 2 = 45 and 1 = 54.7 anticlockwise about the [001] and [ " 1 110] axes, respectively.
Figure 3
Relationship between the transformed coordinates X 0 i (X 0 1 , X 0 2 , X 0 3 ), specimen coordinates P i (P 1 , P 2 , P 3 ) and laboratory coordinates L i (L 1 , L 2 , L 3 ). X i represents the crystal coordinates located in the specimen. Stress is defined in terms of P i . On the other hand, strain measured by XRD is defined by L i . The scattering vector K hkl is taken to be along the L 3 axis. H 1 and H 3 are reciprocal vectors along the X 0 1 and X 0 3 axes, respectively. 0 is defined as the angle from the X 0 1 axis to the P 1 axis anticlockwise and 0 À '.
Figure 1
A polycrystalline specimen with fibre texture. Stress in the crystal coordinate system X i can be transformed to that in the specimen coordinate system P i by the transformation matrix p.
A single crystallite in a polycrystalline specimen
We select a single crystallite from the specimen shown in Fig. 1 and consider its strain " ij under the stress kl . Within an approximation of Hooke's law, the linear relationship between the stress kl and strain " ij should be held to be
where " ij , kl and elastic compliance constants S P ijkl are the physical quantities defined in P i . However, every crystallite has its own Cartesian coordinates X i for which the elastic constants S ijkl are defined. It is, therefore, convenient to represent S P ijkl in terms of S ijkl . Using p in Fig. 4 , we can represent it as follows:
On the other hand, the strain that can be measured by XRD is not the strain components " ij in equation (9) represented in P i , but " L 33 which is represented in terms of L i . Thus, it is necessary to represent it in terms of " ij in P i ,
where ! ij are the components of the transformation matrix. The strain component " L 33 measured by XRD is, therefore, given in terms of the stress components kl :
The more precise formula is given as
This is the equation showing that the elastic strain " L 33 measured by XRD from a single crystallite in our specimen is expressed as a linear function of the stress components kl applied to the crystallite. The proportional factors are given in terms of S pqrs , ip jq kr ls representing the orientation of the crystallite 0 , 1 , 2 and the transformation matrix ! 3i ! 3j which is a function of the measurement direction and . It is clear that a measurement of " L 33 at one particular Bragg angle is not sufficient to analyse all the components of ij . Thus, the strain " L 33 measurements should be made at several different Bragg angles and the number of such measurements should be exceeded by that of all the stress components ij . Otherwise the stress components cannot be analysed with this equation.
A single cubic crystallite oriented along
We consider a cubic specimen with h111i fibre texture. Suppose we select a single crystallite from the specimen and identify its orientation as 0 .
In a cubic crystal, a from X i to X 0 i is given by substitution of 1 = cos À1 (1/3 1/2 ) and 2 = cos À1 (/4) into equation (3). The elastic compliance components are known to be reduced to s 11 , s 12 and s 44 for a cubic crystal in matrix notation with two subscripts [instead of the tensor notation S pqrs with four subscripts in equation (9)].
By substituting the transformation matrices of equations (3)-(7) and the elastic compliance constants into equation (12), we have
where s 0 is the anisotropy index defined by s 0 = s 11 À s 12 À s 44 /2, which is zero for the isotropic case. In this formula, ' and are the angles representing the direction of the XRD measurement, as shown in Fig. 3 . If we specify a Bragg reflection, the angles and are calculated by equations (1) and (2), respectively. The angle ' is also calculated from the relation ' = À 0 , where 0 is the angle representing the orientation of the selected crystallite. Consequently, it can be regarded as a known value in the present case.
As seen from equation (13) Transformations between the four coordinate systems. The X i system has been introduced as a matter of convenience. These four coordinates are connected by the transformation matrices a, b 0 , p, x and c. and . Thus, " L 33 has to be measured using at least six different Bragg points in order to obtain all the stress components. This is referred to as three-dimensional stress analysis.
In the biaxial stress state, it is easy to see that the six stress components in equation (13) are reduced to three, because of an additional condition for ij : 13 = 23 = 33 = 0. Thus, the analysis is two dimensional, as the anisotropy exists in the P 1 P 2 plane. In the XRD analysis of stress in thin films, the film is usually very thin and within the bounds of the X-ray penetration depth. Analysis based on the biaxial stress state is considered to be a good approximation for thin film specimens.
3. Consideration of symmetry based on reciprocal lattice space 3.1. A polycrystalline specimen with fibre texture
We consider the stress-strain relation in a polycrystalline specimen under the assumptions made by Reuss (1929) . The stress (n) forced on the nth crystallite in a specimen is assumed to be the same as the macro stress . This means that the stress (n) is independent of n. In this approximation, we have
The deformations of crystallites, however, should be different from one another if their orientations are different, even under the same stress . This is the model proposed by Reuss for a polycrystalline material. We discuss our XRD stress analysis within the framework of the Reuss model. In the XRD measurement of strain " L 33 , Bragg reflections from all the crystallites oriented in one direction are utilized. However, there is then the question of whether all the crystallites are really in the same orientation. If they are, it indicates that a set of the products of elements ! 3i ! 3j ip jq ir js in equation (12), mathematically representing the orientation of one crystallite, is the same for all crystallites. As a result, the strain and stress relation of equation (12) for a single crystallite holds for polycrystalline specimens. In the polycrystalline specimen, however, the observed strain should be understood as the average value of the strains obtained from all the crystallites. We rewrite " L 33 of equation (12) as its statistical average value h" L 33 i:
If the crystallites satisfying the Bragg condition do not all have the same orientation, there are multiple transformation matrices. The strain of a crystallite in one orientation is distinctly different from that in another orientation, such that the Bragg reflection consists of several peaks, depending on the number of admitted orientations. The shift in the Bragg peak due to the existence of strain is proportional to the amount of the strain,
where Á n is the shift of the Bragg angle, " L 33 ðnÞ is the strain received by crystallites of orientation n and 0 is the Bragg angle of crystallites without strain. The relation between the average shift of the Bragg angle hÁi and h" L 33 i is approximated as hÁi ' À tan 0 h" L 33 i:
This approximation is allowed within the limitation that 0 should not be too close to 90 . The treatment of Tanaka et al. (1999) should be used within this limitation. Equation (15) should be modified as
The summation of the right-hand side of equation (18) means to take the average for n = 1, . . . , N for N possible orientations of a crystallite. In order to determine the existence of such different orientations in a crystallite satisfying the Bragg condition in almost the same measurement direction, it is useful to examine the symmetry of the reciprocal lattice (Laue class) formed by the Bragg reflections from the crystallite. Since the results are very much dependent on the crystallographic symmetry of the constituent crystallite, they will be shown in the next section, taking cubic m3m and m3 point groups as examples.
Crystallites in the m3m point group
Typical cubic crystals in the m3m point group are fcc and bcc. We take a polycrystalline specimen of fcc structure with Reciprocal lattice points of h111i fibre texture for Laue class m3m.
h111i fibre texture. Let the [111] axis be normal to the specimen surface. The diffraction from such a single crystallite forms a bcc lattice in reciprocal space. This reciprocal lattice consists of six reflection points around the [111] axis, as shown in Fig. 5 , where they are marked (a) to (c) 0 and indexed in pairs as (hkl, khl), (lhk, lhk) and (klh, hlk). These points are arranged in threefold rotation inversion around the h111i axis with mirror planes parallel to it, owing to the m3m point group of fcc structures. For the hkl reflections with h = k, these six points are reduced to three.
From the six equivalent reflections, we can infer that there are six orientations of a single fcc crystallite around the h111i axis in real space which satisfy the Bragg condition, causing reflections in the same direction. When we arbitrarily select one of the six reflections, we cannot specify the indices of the reflection. However, we can see in Fig. 6 that the six equivalent reflections are not on a sixfold rotation axis, but on a threefold rotation axis around the [111] axis. Relocation from (a) to (b), from (b) to (c) and from (c) to (a) [as well as from (a) 0 to (b) 0 etc.] is obtained on every 120 rotation of the crystallite.
Relocation from (a) to (a) 0 is not allowed, because (a) and (a) 0 are in a mirror relation. This fact indicates that reciprocal lattice points (a), (b) and (c) are, strictly speaking, not equivalent to (a) 0 , (b) 0 and (c) 0 . However, the Bragg reflections observed are often referred to as equivalent reflections. Image A in Fig. 6 shows one orientation of a crystallite in which reflection (a), (b) or (c) is observed at ' = 0 . On the other hand, image B in Fig. 6 shows a different orientation in which reflection (a) 0 , (b) 0 or (c) 0 is observed at ' = 0 . The difference can be clearly seen in the figure. We distinguish between the two orientations and refer to them as type I and type II orientations. The distinction is proved by the fact that the transformation matrices in equation (12) are not the same for crystallites of type I and type II orientations. Thus, we see that the strains or deformations of crystallites oriented in type I and type II in Fig. 6 are different even under the same stress ij . By substituting + and À for in equation (13), we can derive " L 33 ð'Þ I and " L 33 ð'Þ II for type I and type II in a threedimensional stress state. In a biaxial stress state, " L 33 ð'Þ I and " L 33 ð'Þ II can be reduced to
Â ð3s 44 þ 3s 44 cos 2' þ 2s 0 cos 2'Þ sin 2 À 2ð2 1=2 Þ s 0 cosð3 À 2'Þ sin 2 þ 12s 12 þ 4s 0 Ã 11 þ ð1=12Þ Â ð3s 44 À 3s 44 cos 2' À 2s 0 cos 2'Þ sin 2 þ 2ð2 1=2 Þ s 0 cosð3 À 2'Þ sin 2 þ 12s 12 þ 4s 0 Ã 22 þ ð1=6Þ Â ð3s 44 þ 2s 0 Þ sin 2' sin 2 þ 2ð2 1=2 Þ s 0 sinð3 À 2'Þ sin 2 Ã 12 ð19Þ
and " L 33 ð'Þ II ¼ ð1=12Þ Â ð3s 44 þ 3s 44 cos 2' þ 2s 0 cos 2'Þ sin 2 À 2ð2 1=2 Þ s 0 cosð3 þ 2'Þ sin 2 þ 12s 12 þ 4s 0 Ã 11 þ ð1=12Þ Â ð3s 44 À 3s 44 cos 2' À 2s 0 cos 2'Þ sin 2 þ 2ð2 1=2 Þ s 0 cosð3 þ 2'Þ sin 2 þ 12s 12 þ 4s 0 Ã 22 þ ð1=6Þ Â ð3s 44 þ 2s 0 Þ sin 2' sin 2 À 2ð2 1=2 Þ s 0 sinð3 þ 2'Þ sin 2
The difference between the two expressions is in the coefficients for the stress components 11 , 22 and 12 .
Having formulated the argument for a single crystallite, it is easy to extend it to a cubic polycrystalline specimen with h111i fibre texture. The intensity distribution in reciprocal space is given by the rotation of the reciprocal lattice of a single crystallite around the h111i axis. In this way the contribution to the Bragg reflection from crystallites with type I and type II orientations is included in reciprocal space. Thus, two continuous rings are formed, although this is illustrated by a single thick ring in Fig. 5 . In XRD measurement of an hkl Bragg reflection at any angle ', the profile is expected to be a doublet due to the two reflections with slightly different 2 angles, 2 I and 2 II , as there are two different strain states in the crystallites under the stress field.
Because h = k for hkl, the reflection indexed by hhl shows only a single ring. This is one of the most important results m3m point group of a cubic crystallite with h111i fibre texture. Type I and type II are possible orientations of the crystallite satisfying the Bragg condition along = 0 . The two orientations are characterized by the angle , which is the angle from the X 0 obtained through the present considerations of the symmetry of the reciprocal lattices of the constituent crystallites.
In practical XRD analysis using the hkl Bragg reflection, analysis of profiles showing a doublet is not easy. We employ the average Bragg angle h2i = (1/2) (2 I + 2 II ) instead of taking individual angles 2 I or 2 II . We can take the average value of the strain using equations (19) and (20):
In a thin film of a cubic polycrystalline specimen with h111i fibre texture having point group m3m, we approximated the field as biaxial. The observed strain is expressed as a linear function of three components, 11 , 22 and 12 . Thus, if the average deviation of the Bragg angle Á2 is measured for any three directions of ', these components are analysed using the usual least-squares refinement method. However, if the direction of ' is taken to 0, 45 and 90 , the average strain of equation (21) becomes much simpler.
For ' = 0 ,
for ' = 45 , 
where and are the angles which are given if we specify a Bragg reflection. Equations (22) and (24) show that the strains observed along ' = 0 and 90 are independent of the shear stress 12 . This is a natural consequence if we take into account the fact that the directions of ' = 0 and 90 correspond to the P 1 and P 2 directions in P i , because the stress components of 11 and 22 are taken to be the normal stress. The analysis can be performed with simple least-squares refinement.
Crystallites in the m3 point group
TaC, FeS 2 and In 2 O 3 are typical examples of the m3 point group. For single crystallites in the point group, Bragg reflections appear at (a), (b) and (c) or at (a) 0 , (b) 0 and (c) 0 , because there is no mirror reflection plane between them. This suggests that orientations of both type I and type II exist, and the two orientations rotate in opposite directions about the h111i axis. As shown in Fig. 6 , the average strain in type I coincides with that of type II by substituting À for in type II. All the profiles of the Bragg reflections therefore become singlet without doublet. This would be very hard to predict if we were to follow the treatment given by Tanaka et al. (1999) . Thus, we can take the average value of the strain in equation (19) or (20) as
In point group m3, the average strain of equation (25) becomes much simpler when the direction of ' is taken to 0, 45 or 90 .
For ' = 0 in type I, 
where and are the angles given in the same way as for m3m. The average strain for type II can be derived from equation (26), but the derivation has been omitted as a matter of convenience. The analysis can also be performed with simple least-squares refinement.
Discussion

Grain interaction models
We have represented the relationship between residual stress and strain in cubic polycrystalline specimens with fibre texture. In this representation, the symmetries in reciprocal lattice space (Laue class) of the constituent crystallites are taken into account within the framework of the Reuss model. An assumption made by Reuss is that each crystallite in a specimen is subject to the same stress as the macro-stress. This is equivalent to saying that any of the average stresses h ij i for the constituent crystallites is equal to the macro-stress ij .
Conversely, in the Voigt (1910) model, the strain in each crystallite in a specimen is assumed to be uniform and equal to the macroscopic strain, i.e. the strain measured by XRD can be regarded as the macroscopic strain.
However, it is well known that the true average strain is an intermediate value between those given by the two models. According to Mura (1991) with regard to Hill's theory, the Voigt and Reuss approximations are the upper and lower bounds of the true average elastic moduli, respectively. There are many other grain interaction models, such as those provided by Hill (1952) , Eshelby (1957) and Krö ner (1958) . The applicability of the present theory to these models will be the subject of subsequent examinations.
Applicability of the present theory
We have confined our discussion to cubic polycrystalline specimens with h111i fibre texture in which the constituent crystallites are in point groups m3m and m3. The argument made in the present study can also be applied to more complex systems, such as crystalline specimens belonging to the hexagonal, tetragonal, trigonal and orthorhombic systems.
The results derived from the present theoretical consideration should be confirmed by experiment. An examination has been performed using a thin film specimen of TiN and full details of the study will be presented in a separate paper.
Equations (20), (21) and (22) represent the stress and strain relationships in a cubic fibre texture for three directions, ' = 0, 90 and 45 . The equations are only shown for the biaxial stress state, but can be extended to formulae for three-dimensional stress analysis on the basis of equation (13).
Remarks
We have considered strain measurement within the framework of the Reuss model by taking into account the intensity distribution of XRD in reciprocal space. We have also explored the corresponding physical meaning of the intensity distribution based on the point group of a single crystallite.
It was found that, in specimens made up of cubic crystallites in the m3m point group, there can exist crystallites with two different orientations which satisfy the Bragg condition to cause reflection in almost the same direction. Under the same stress, these crystallites have slightly different strains, causing the Bragg reflections to split into doublets. However, when the specimen consists of crystallites having the m3 point group there is no doublet reflection.
In its discussion of solving the three components of stress from strains observed by XRD measurement, this paper contributes to the adoption of the least-squares fitting method for data independent of the directions of ', but it is not intended to exclude the technique suggested by Tanaka et al. (1999) .
